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mon factor R — r to obtain 3p 3 -f 5p 2 — 2 = 0, the roots of this equation being 
-1, -(V7 + D/3, (V7-D/3. 
Substituting the positive root in the following modified form of equation (4) 

9(1 + 2 P y 

2(l-p 3 )(l + p.+ P 2 )V 
we get 

^ ^..^Sr 3 - 0-833293^3, 

and r = J(V7 - X)R = 0.457131V 1 ' 3 . 

The values of h and s may now be obtained from formulas (2) and (6) respectively. They 
are h = [2(V7 - 2>/jr'] 1 ' 3 = 0.7435591* 1 ' 3 , s = R. 

The last relation is the most significant geometrically. Let denote the acute angle 
between the axis and the slant height of the frustum. Then 

= sin" 1 [(R - r)/s] = sin" 1 [(4 - V7)/3] = 26° 50' 4.5". 

From the practical point of view, the problem amounts to asking for the smallest amount of sheet 
metal out of which a cup or deep cake pan of given capacity can be made. 

2870 [1921, 36]. Proposed by warren weaver, University of Wisconsin. 

A pendulum bob of mass mis attached to one end of a weightless and inextensible string of 
length I and swings as a conical pendulum with an angular velocity on about a vertical line through 
a fixed point to which the other end of the string is attached. If the angular velocity is increased 
to co 2 , the height through which the bob rises is independent of the length I. Consider, then, a 
very long and a very short pendulum. Suppose they are each swung first with an angular velocity 
wi and then with a larger angular velocity, «2, the difference between these two values being great 
enough so that the longer pendulum rises through a height greater than the length of the shorter 
pendulum. According to'the above result, the shorter one should rise through this same height, 
which is obviously impossible. Explain this apparent paradox. 

Solution by I. Maizlish, University of Minnesota. 

Let I be the length of the string, on the angle which the equilibrium position of the pendulum 
makes with the vertical when the angular velocity is coi, and <*2 the corresponding angle when 
the angular velocity is co 2 . Assume o> 2 > *>i, that the pendulum is free to take a vertical position 
when not revolving, and that on and » 2 are finite. It is readily seen that for equilibrium the 
following equation must hold: 

tan «i = (a>iH sin ai)/g, (1) 

and if cci > we must have 

cox > V (g/l). (2) 

The height of the bob from the horizontal plane passing through it when the pendulum is in 
its vertical position is hi = 1(1 — cos <*i) = I — (g/o>i 2 ), and if the angular velocity is increased 
from coi to W2, a being increased to «2, the height through which the bob rises will be 

h,-h! = (g/coi*) - (s-/co2 2 ), (3) 

as long asciig V is II) • 

Let V be the length of the short pendulum. If co x and « 2 are chosen so that (g/o>i 2 ) — {gloi-F) 
> I' we shall have on < V (g/l') and we cannot apply (3) to this pendulum. If co 2 > V (g/l') 
and the bob of the short pendulum rises at all, the height to which it rises will be I' — g/coS, but 
if «2 =V dg/l'), it will not rise at all. 

Also solved by H. L. Olson, F. L. Wilmek and the Proposer. 

2872 [1921, 36]. Proposed by w. d. lambert, U. S. Coast and Geodetic Survey. 

The rectangular coordinates of a point P at the time t are given by the equations 
x = k cos 7 cos (nt — a), y = k sin y cos (nt — fi), 
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where fc, y, n, a, and are constants and 7 is taken in the first quadrant. An auxiliary angle S, 
in the first quadrant, is defined by the equation 

sin S = sin 27 1 sin (a — 0) | . 

(1) Show that P describes an ellipse the lengths of whose semi-axes are fc cos J5 and k sin is 
and the inclinations of whose axes to the a>axis are given by 

tan 20 = tan 27 cos (a — 0). 

(2) Show that the time T when P is at the end of an axis is given by 

tan (2nT — a — 0) = cos 27 tan (a — 0). 

(3) Obtain criteria for distinguishing between the major and minor axes and for the direction 
of rotation of P and show that the quantities 7, a — 0, S, 8 and nT — a — are simply related 
as the parts of a right spherical triangle, thus providing a partial check on the computation. 

Solution by J. B. Reynolds, Lehigh University. 
1. Eliminating t from the given parametric equations, we have 

, _. x sec 7 „ . _, y esc 7 
a + cos l — r— ' = + cos l " , ' , 



whence 



, „. xy sec 7 esc 7 , 1 , , 

cos (a - j3) = — ^ h p Vfc 2 - x 2 sec 2 7 Vfc 2 - j/ 2 csc 2 7; 

x 2 tan 2 7 + s/ 2 - 2x3/ cos (a - /3) tan 7 - fc 2 sin 2 (a — 0) sin 2 7=0 (1) 

is the rectangular equation of the curve, and is that of an ellipse with center at the origin. To 
ascert ain the l ength s of the axes then, we need find only the maximum and minimum values of 
r = -V2 2 + y*. Now, 

r 2 = x 2 + y 2 = fc 2 [cos 2 7 cos 2 (nt - a) + sin 2 7 cos 2 (nt - 0)]. (2) 

Setting the d(r 2 )/dt = 0, we get 

_ J cos 2 7 sin 2a + sin 2 7 sin 2/3 £ ,_, 

tan 2nt = — t- 1 s — — ^-r- 1 j£ = ;=: , say; (3) 

cos 2 7 cos 2a + sin 2 7 cos 2/3 C ' J ' 

and we find 

V/S 2 + C 2 = Vl - sin 2 27 sin 2 (a - 0) = cos « by the data given; 
whence 

ST C 1 

sin 2n£ = ± and cos 2nt = ± r . 

cos S cos S 



Putting these values in (2), we get for maximum and minimum values of r 2 , 

T, , /S 2 + C 2 \ i fc 2 ., , ,. 
L 1± (-13sT-)J = 2 (1±cos5) - 



fc 2 ! 
2 



so that the major and minor semi-axes are k cos 5/2 and k sin S/2. The angle made by these axes 
with the x-axis comes immediately from (1) by writing the condition for elimination of the term 
in xy or 1 

tan 26 = 7 — 5 ^t = tan 27 cos (a — /8). 

tan' 1 7 — 1 

2. When the ends of the axes are reached, r is a maximum or minimum. In getting d(r 2 )/dt 
= 0, we have 

cos 2 7 sin (2nt - 2a) + sin 2 7 sin (2w< - 2/3) = 0. 

1 Similarly the expression for the semi-axes could be obtained by use of the invariants of 
rotation, and then the equation for T could be derived by algebraic processes. On the other 
hand, the equation for 6 (tan 8 being y/x) could be deduced from the equation d(r 2 )/dt = without 
any reference to the theory of rotation of axes. — Editors. 
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Or, putting §(1 + cos 27) and |(1 — cos 27) for cos 2 7 and sin 2 7, 

sin (2nt — a — 0) cos (a — 0) — cos 27 cos (2nt — a — /S) sin (a — 0) = 0; 

and then replacing t by the particular value T at this time, 

tan (2nT — a — 0) = cos 27 tan (a — 0). 

3. The major semi-axis is k cos 8/2, S being by hypothesis an angle in the first quadrant. 
Differentiating 

V • cos (nt — 0) 

"- = tan 7 )— — -: , 

x cos {nt — a) 

we have for the angular velocity of P 

n tan 7 sin (0 — a) 
cos 2 (ni — a) ' 
positive or negative with sin (0 — a). 

We can place 27 on the hypotenuse, 20 and S on the legs of a right spherical triangle, 90° 
— (2nT — a — 0) opposite 2$ and a — /S opposite 5 on the angles; for the three equations 

sin 8 = sin 27 sin (a — 0), cos (a — 0) = tan 2$ cot 27, 
cos 27 = cot (a — 0) tan (2nf — a — 0) 

will then conform to Napier's rules. 1 

287S [1921, 89]. Proposed by B. S. hoar, Fort Banks, Mass. 

Consider the integers 0, 1, 2, 3 • • • n — 1, n. Consider all possible permutations of combina- 
tions of these taken r at a time, allowing any integer to occur more than once. Select from these 
permutations all groups the sum of whose integers is n. Form the reciprocal of the product of 
the factorials of the r integers of each of these selected groups. Then the sum of all of these 
reciprocals will equal r"/n\. Prove that this must be so. 

Example, n = 2, r = 3. 

1 , 1 , 1 , 1 , 1_ , 1_ __3J 

2!0!0! + 0!0!2! i "0!2!0'.l!0!l!" + "l!l!0!" t "0!l!l! 2!' U ' l ' 

Solution by H. L. Olson, University of Michigan, and Philip Franklin, 

Princeton University. 

By the multinomial theorem, we have 

n ' 

(Xl + X 2 + • • • + X r ) n = S ■ 1 . , J— , Z1W 2 • • • Xr\ 

where ii + i% + • • • + i r = n and ii,ii, • • • , t, =2: 0. If we set each x,- equal to unity and divide 
the two members of the equation by n !, we have the theorem stated. 

2880 [1921, 89]. Proposed by SIDNEY DOBB, Detroit, Mich. 

Solve the simultaneous equations xy = 2, and 



(a— SK-V + fa— S-V-a 

\ x-y) \ x +yj 



Solution by A. A. Bennett, University of Texas. 

It is assumed for various reasons that the second equation was intended in the form 



V x-y) \ x + y/ 



1 This supposes sin (a — 0) positive, and it would not essentially restrict the problem to 
assume that a and /S are angles in the first quadrant, a > 0. 



